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LOCAL RIGIDITY OF CERTAIN CLASSES OF ALMOST
KA¨HLER 4-MANIFOLDS
VESTISLAV APOSTOLOV, JOHN ARMSTRONG AND TEDI DRA˘GHICI
Abstract. We show that any non-Ka¨hler, almost Ka¨hler 4-manifold for
which both the Ricci and the Weyl curvatures have the same algebraic
symmetries as they have for a Ka¨hler metric is locally isometric to the
(only) proper 3-symmetric 4-dimensional space [17, 20].
2000 Mathematics Subject Classification. Primary 53B20, 53C25
1. Introduction
An almost Ka¨hler structure on a manifold M2n is an almost Hermitian
structure (g, J,Ω) with a closed, and therefore symplectic fundamental 2-
form Ω. If additionally the almost complex structure J is integrable, then
(g, J,Ω) is a Ka¨hler structure. Almost Ka¨hler metrics for which the almost
complex structure is not integrable will be called strictly almost Ka¨hler
metrics.
Many efforts have been done in the direction of finding curvature con-
ditions on the metric which insure the integrability of the almost complex
structure. For example, an old, still open conjecture of Goldberg [16] says
that a compact almost Ka¨hler, Einstein manifold is necessarily Ka¨hler. Im-
portant progress was made by K. Sekigawa who proved that the conjec-
ture is true if the scalar curvature is non-negative [27]. The case of neg-
ative scalar curvature is still wide open, despite of recent progress in di-
mension 4. Nurowski and Przanowski [24] and K.P.Tod [6, 26] constructed
4-dimensional local examples of Einstein (in fact, Ricci flat), strictly almost
Ka¨hler manifolds. Thus, it is now known that compactness must play an
essential role, should the Goldberg conjecture be true. In all these examples
the structure of the Weyl tensor is unexpectedly special — the anti-self-dual
part of the Weyl tensor vanishes and the fundamental form is an eigenform
of the self-dual Weyl tensor (equivalently, W− = 0 and W+2 = 0, see be-
low). Conversely, a recent result of [6] states that any 4-dimensional strictly
almost Ka¨hler, Einstein manifold is obtained by Nurowski-Przanowski-Tod
construction, provided that the fundamental form is an eigenform of the
Weyl tensor. It follows that such a manifold can never be compact. Some
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other positive partial results on the Goldberg conjecture in dimension 4 have
been obtained by imposing additional assumptions on the structure of Weyl
tensor, cf. [4, 5, 6, 7, 25].
For an oriented four dimensional Riemannian manifold, it is well known
the SO(4)–decomposition of the Weyl tensor W into its self-dual and anti-
self-dual parts, W+ and W−. Moreover, for every almost-Hermitian 4-
manifold (M,g, J,Ω) the self-dual part of the Weyl tensor decomposes fur-
ther under the action of the unitary group U(2). To see this, consider W+
as a trace-free, self-adjoint endomorphism of the bundle of self-dual 2-forms
Λ+M . Since Λ+M decomposes under U(2) as RΩ⊕ [[Λ0,2M ]], we can write
W+ as a matrix with respect to this block decomposition as follows:(
κ
6 W
+
2
(W+2 )
∗ W+3 −
κ
12Id|Λ0,2M
)
,
where the smooth function κ is the so-called conformal scalar curvature,W+2
corresponds to the part ofW+ that interchanges the two factors of the U(2)-
splitting of Λ+M , and W+3 is a trace-free, self-adjoint endomorphism of the
real vector bundle [[Λ0,2M ]] underlying the anti-canonical bundle Λ0,2M .
Also, the traceless part of the Ricci tensor Ric0 decomposes under U(2)
into two irreducible components — the invariant part and the anti-invariant
part with respect to J , Ricinv0 and Ric
anti
0 . Correspondingly, there are sev-
eral interesting types of almost Hermitian 4-manifolds, each imposing the
vanishing of certain U(2)-components of Ric0 and W , cf. [28].
The curvature of a Ka¨hler metric (g, J), for instance, satisfies any of the
following three conditions:
(i) Ricanti0 = 0; (ii) W
+
2 = 0, and (iii) W
+
3 = 0.
These three conditions are equivalent to the fact that the curvature (con-
sidered as a C-linear symmetric endomorphism of the bundle of complex
2-forms) preserves the type decomposition of 2-forms with respect to J , a
property commonly referred to as the second Gray condition of the curva-
ture, cf. [18].
Of course, the curvature of an arbitrary almost Ka¨hler metric may have
none of these algebraic symmetries. It is natural, therefore, to wonder if the
integrability of the almost complex structure is implied by the conditions
(i)-(iii) above. In [3] and [2] an affirmative answer to this question is given
for compact almost Ka¨hler 4-manifolds, by using some powerful global argu-
ments coming from the Seiberg-Witten theory and Kodaira classification of
compact complex surfaces. One is then motivated to ask what local rigidity,
if any, do the conditions (i)-(iii) impose on almost Ka¨hler 4-manifolds. The
goal of our paper is to answer this question.
We first provide a family of strictly almost Ka¨hler 4-manifolds satisfy-
ing, more generally, the conditions (i) and (ii), see Proposition 1 below.
Note that the strictly almost Ka¨hler, Ricci-flat flat examples of Nurowski,
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Przanowski [24] and Tod [6, 26] satisfy (i) and (ii) (but not (iii)), and our
examples appear as a generalization of Tod’s construction [26, 6]; instead
of the Gibbons-Hawking ansatz, we consider its generalized version intro-
duced by LeBrun in [21], and observe that appropriate variable reductions
lead to strictly almost Ka¨hler metrics with J-invariant Ricci tensor and with
special structure of the Weyl tensor. While the Nurowski-Przanowski-Tod
examples are just particular metrics in this family, it turns out that for other
distinguished metrics the conditions (i)-(iii) are fulfilled. Looking more care-
fully at the metrics satisfying conditions (i)-(iii) from our family, one can
further see that all of them are, in fact, (locally) isometric to the unique
4-dimensional proper (i.e. non-symmetric) 3-symmetric space described by
Kowalski [20] (see Section 4 below); as a homogeneous space it is isomor-
phic to (Isom(E2) · Sol2)/SO(2) equipped with a left-invariant metric, or,
by introducing an invariant complex structure compatible with the opposite
orientation, it becomes isomorphic to the irreducible homogeneous Ka¨hler
surface corresponding to the F4-geometry of [29]. It might be also interest-
ing to note that this same example was discovered in yet a different context
by R. Bryant [11] (see also Remark 1).
Although one consequence of the existence of this example is that the
conditions (i)-(iii) are not enough to insure the local integrability of an
almost Ka¨hler structure, we prove that, in fact, this is the only such example
in dimension four.
Theorem 1. Any strictly almost Ka¨hler 4-manifold whose curvature sat-
isfies Ricanti0 = 0, W
+
2 = 0, W
+
3 = 0 is locally isometric to the (unique)
4-dimensional proper 3-symmetric space.
Remarks. 1.— It follows by Theorem 1 and the general theory of 3-symmetric
spaces [17] that any complete, simply connected strictly almost Ka¨hler 4-
manifold satisfying the conditions (i)-(iii) is globally isometric to the proper
3-symmetric 4-space.
2.— Since any 3-symmetric 4-space is almost Ka¨hler and satisfies (i)-(iii)
[17], Theorem 1 in turn provides a differential geometric proof of the exis-
tence and the uniqueness of the proper 3-symmetric 4-space (see, however,
[20] for more general results obtained by using Lie algebra techniques).
3.— Combining Theorem 1 with Wall’s classification of compact locally
homogeneous complex surfaces [29], one sees that there are no compact
strictly almost Ka¨hler 4-manifolds whose curvature satisfies the conditions
(i)-(iii). This provides an alternative proof of the integrability result in [3]
(see also Corollary 3 below).
Although our main goal of this paper is the study of almost Ka¨hler 4-
manifolds which satisfy the three conditions (i)-(iii), Theorem 1 is derived
from the local classification of a larger class of strictly almost Ka¨hler 4-
manifolds (Theorem 2), including as particular cases both the Einstein met-
rics of [24, 6] and the almost Ka¨hler 4-manifold satisfying the conditions
(i)-(iii) (see Remark 2). Our results therefore generalize those in [6].
4 VESTISLAV APOSTOLOV, JOHN ARMSTRONG AND TEDI DRA˘GHICI
The proof of our results relies on the strategy already developed in [6] for
finding out whether a given Riemannian metric locally admits a compatible
almost Ka¨hler structure, which allows us, as in [6], to reduce the problem to
an integrable Frobenius system. However, the more general class of almost
Ka¨hler 4-manifolds that we consider in the current paper leads to more
involved proofs and makes the spinorial approach invented in [6] somehow
less adequate. We thus prefer to use classical tensorial notations, which we
hope will ease the task of the reader in following the technical parts.
The paper is organized as follows: In Sections 2 and 3, we prepare the
necessary background of almost Ka¨hler geometry, with a detailed analysis of
the Riemannian curvature and its covariant derivative, based on some rep-
resentation theory. In Section 4, we introduce our main examples of strictly
almost Ka¨hler 4-manifolds satisfying conditions (i) and (ii), and describe
those which satisfy conditions (i)-(iii); we show that the latter are isometric
to the unique proper 3-symmetric 4-space. The last section is devoted to
the proof of our main result which is stated in Theorem 2; Theorem 1 is
then just a particular case.
2. The curvature tensor of almost Ka¨hler 4-manifolds
Let (M,g) be an oriented, 4-dimensional Riemannian manifold. The invo-
lutive action of the Hodge operator ∗ on the bundle of 2-forms Λ2M induces
the decomposition Λ2M = Λ+M ⊕ Λ−M into the sub-bundles of self-dual,
resp. anti-self-dual 2-forms, corresponding to the +1, resp. −1 eigenspaces
of ∗. We will implicitly identify vectors and covectors via the metric g and,
accordingly, a 2-form φ with the corresponding skew-symmetric endomor-
phism of the tangent bundle TM , by putting: g(φ(X), Y ) = φ(X,Y ) for
any vector fields X,Y . Also, if φ,ψ ∈ TM⊗2, by φ ◦ ψ we understand the
endomorphism of TM obtained by the composition of the endomorphisms
corresponding to the two tensors. The inner product on Λ2M induced by g
will be denoted by 〈·, ·〉, so as the induced norm differs by a factor 12 from
the usual tensor norm of TM⊗2.
Considering the Riemannian curvature tensor R as a symmetric endomor-
phism of Λ2M we have the following well known SO(4)-splitting
R =
s
12
Id|Λ2M + R˜ic0 +W
+ +W−, (1)
where s is the scalar curvature, R˜ic0 is the the Kulkarni-Nomizu extension of
the traceless Ricci tensor Ric0 to an endomorphism of Λ
2M (anti-commuting
with ∗), and W± are respectively the self-dual and anti-self-dual parts of
the Weyl tensor W . The self-dual Weyl tensor W+ is viewed as a section of
the bundle S20(Λ
+M) of symmetric, traceless endomorphisms of Λ+M (also
considered as a sub-bundle of the tensor product Λ+M ⊗ Λ+M).
Let (M,g, J) be an almost Hermitian 4-manifold, i.e., an oriented Rie-
mannian 4-manifold (M,g) endowed with a g-orthogonal almost complex
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structure J which induces the chosen orientation ofM . We denote by Ω the
corresponding fundamental 2-form, defined by Ω(X,Y ) = g(JX, Y ). The
action of J extends to the cotangent bundle Λ1M by putting (Jα)(X) =
−α(JX), so as to be compatible with the Riemannian duality between
TM and Λ1M . This action defines an involution, ıJ , on Λ
2M by putting
ıJ(φ)(X,Y ) = φ(JX, JY ), which in turn gives rise to the following orthog-
onal splitting of Λ+M :
Λ+M = RΩ⊕ [[Λ0,2M ]], (2)
where [[Λ0,2M ]] denotes the bundle of J-anti-invariant real 2-forms, i.e., the
2-forms φ such that ıJ(φ) = −φ. Note that [[Λ
0,2M ]] is the real underlying
bundle of the anti-canonical bundle (KJ )
−1 = Λ0,2M of (M,J); the induced
complex structure J on [[Λ0,2M ]] acts by (Jφ)(X,Y ) = −φ(JX, Y ).
Consequently, the vector bundleW+ = S20(Λ
+M) of the symmetric trace-
less endomorphisms of Λ+M decomposes into the sum of three sub-bundles,
W+1 , W
+
2 , W
+
3 , defined as follows, see [28]:
• W+1 = R ×M is the sub-bundle of elements preserving the decompo-
sition (2) and acting by homothety on the two factors; hence it is the
trivial line bundle generated by the element 18Ω⊗ Ω−
1
12 Id|Λ+M .
• W+2 = [[Λ
0,2M ]] is the sub-bundle of elements which exchange the two
factors in (2); the real isomorphism with [[Λ0,2M ]] is seen by identifying
each element φ of [[Λ0,2M ]] with the element 12(Ω⊗ φ+ φ⊗Ω) of W
+
2 .
• W+3 = S
2
0([[Λ
0,2M ]]) is the sub-bundle of elements preserving the split-
ting (2) and acting trivially on the first factor RΩ.
We then obtain the following U(2)-splitting of the Riemannian curvature
operator, cf. [28]:
R =
s
12
Id|Λ2M + (R˜ic0)
inv + (R˜ic0)
anti +W+1 +W
+
2 +W
+
3 +W
−,
(3)
where (R˜ic0)
inv and (R˜ic0)
anti are the Kulkarni-Nomizu extensions of the
J-invariant and the J-anti-invariants parts of the traceless Ricci tensor, re-
spectively, andW+i are the projections ofW
+ on the spacesW+i , i = 1, 2, 3.
The component W+1 is given by
W+1 =
κ
8
Ω⊗ Ω−
κ
12
Id|Λ+M , (4)
where the smooth function κ is the so called conformal scalar curvature of
(g, J);
W+2 = −
1
4
(Ψ ⊗ Ω+ Ω⊗Ψ), (5)
for a section Ψ of [[Λ0,2M ]].
For any (local) section φ of [[Λ0,2M ]] of square-norm 2, the component in
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W+3 is given by
W+3 =
λ
2
[φ⊗ φ− Jφ⊗ Jφ] +
µ
2
[φ⊗ Jφ+ Jφ⊗ φ], (6)
where λ and µ are (locally defined) smooth functions.
For any almost Ka¨hler structure (g, J,Ω), the covariant derivative ∇Ω of
the fundamental form is identified with the Nijenhuis tensor of (M,J), the
obstruction for the integrability of the almost complex structure J . More-
over, ∇Ω can be viewed as a section of the real vector bundle underlying
Λ0,1M ⊗ Λ0,2M , which allows us to write with respect to any section φ of
[[Λ0,2M ]]:
∇Ω = a⊗ φ− Ja⊗ Jφ. (7)
The 1-form a satisfies |∇Ω|2 = 4|a|2, provided that φ is of square-norm 2.
Consequently, the covariant derivatives of φ and Jφ are given by
∇φ = −a⊗ Ω+ b⊗ Jφ; ∇Jφ = Ja⊗ Ω− b⊗ φ, (8)
for some 1-form b.
Observe that we have an S1-freedom for the choice of φ into the formulas
(6) and (7). We shall refer to this as a gauge dependence and any local
section φ of [[Λ0,2M ]] of square-norm 2 will be called a gauge.
Convention. From now on, φ will be assumed to be an eigenform of W+3 ,
i.e., the function µ in (6) identically vanishes.
Note that the above assumption can be locally arranged (for a smooth
gauge φ !) on the open dense subset of points, x, where either W+3 (x) 6= 0,
or W+3 ≡ 0 in the neighbourhood of x; however, by continuity, all gauge
independent properties will hold everywhere on M .
Once the gauge φ is fixed as above, one can determine the smooth func-
tions κ and λ and the 2-form Ψ in terms of the 1-forms a and b and the
2-form φ, or, equivalently in terms of 2-jets of J . For that, we first make
use of the Weitzenbo¨ck formula for self-dual 2-forms, cf. e.g. [12]:
∆ψ = ∇∗∇ψ +
s
3
ψ − 2W+(ψ). (9)
Since the fundamental form Ω is a self-dual, closed 2-form, it is therefore
harmonic and (9) implies
|∇Ω|2 +
2
3
s− 2〈W+(Ω),Ω〉 = 0,
which, by (4)–(6), is equivalent to
κ− s = 6|a|2 =
3
2
|∇Ω|2. (10)
Formula (10) shows that the smooth function κ − s is everywhere non-
negative on M ; it vanishes exactly at the points where the Nijenhuis tensor
is zero. Observe also that applying (9) to Ω we involve the 2-jets of J . Thus
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(10) can be considered as an “obstruction” to lifting the 1-jets of J to 2-jets
(see [6]), although eventually it takes form of a condition on the 1-jets.
In order to express W+2 and W
+
3 we make use of the Ricci identity
(∇2X,Y −∇
2
Y,X)(Ω)(·, ·) = −RX,Y (J ·, ·) −RX,Y (·, J ·). (11)
From (7) we get
∇2|Λ2MΩ = (da− Ja ∧ b)⊗ φ− (d(Ja) + a ∧ b)⊗ Jφ,
so, (11) can be rewritten as
da− Ja ∧ b = −R(Jφ); d(Ja) + a ∧ b = −R(φ). (12)
Projecting on Λ+M and using (3)–(6) and (10), the equalities in (12) give
λ = −
1
2
(
|a|2 − 〈da, Jφ〉 + φ(a, b)
)
; (13)
µ = −
1
2
(
〈da, φ〉 + Jφ(a, b)
)
= 0; (14)
Ψ =
(
〈d(Ja),Ω〉 +Ω(a, b)
)
φ+
(
〈da,Ω〉+ g(a, b)
)
Jφ. (15)
We observe again that the relations (13)–(15) are conditions on the 2-jets of
the compatible almost Ka¨hler structure J , and can be viewed as a further
“obstruction” to lifting the 1-jets to 2-jets, see [6].
Similarly, projecting formulae (12) on Λ−M we completely determine
the J-anti-invariant part of the Ricci tensor. In order to determine its J-
invariant part one needs the 3-jets of J , involved in the Ricci identity for
the Nijenhuis tensor (viewed as a section of Λ1M⊗Λ2M). Writing the Ricci
identity with respect to ∇Ω is nothing but adding to (12) one more relation
coming from
(∇2X,Y −∇
2
Y,X)(φ)(., .) = −RX,Y (φ., .) −RX,Y (., φ.).
Using (7),(8) and (3)–(6) we eventually obtain
db = a ∧ Ja−R(Ω) = a ∧ Ja−
(s+ 2κ)
12
Ω− J ◦ (Ricinv0 ) +
1
2
Ψ.
(16)
The closed 2-form db is gauge independent and is thus defined on whole M ;
in fact, up to a factor − 12pi , db is a De Rham representative of the first Chern
class of (M,J), see e.g. [19].
Note that the relations (12) and (16) completely determine the Ricci
tensor and the self-dual Weyl tensor of (M,g, J) in terms of the 3-jets of
J . One can further see that the remaining part of the curvature, the anti-
self-dual Weyl tensor, is determined by the 4-jets of J . But we shall show
in Section 5 that when the metric satisfies some additional properties, the
relations (12) and (16) are sufficient to write down the whole Riemannian
curvature of g. A careful analysis of the above mentioned “obstructions”
to lifting the 1, 2 and 3-jets of J will eventually permit us to apply the
Frobenius theorem in order to obtain the desired classification.
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3. Almost Ka¨hler 4-manifolds and Gray conditions.
Preliminary results
For a 4-dimensional almost Hermitian manifold, the relations (i)–(iii)
mentioned in the introduction are closely related to the following condi-
tions on the curvature defined by A. Gray [18] (not necessarily in the 4-
dimensional context).
(G1) RXY ZW = RXY JZJW ;
(G2) RXY ZW −RJXJY ZW = RJXY JZW +RJXY ZJW ;
(G3) RXY ZW = RJXJY JZJW .
Identity (Gi) will be called the i-th Gray condition. Each imposes on the
curvature of the almost Hermitian structure a certain degree of resemblance
to that of a Ka¨hler one. A simple application of the first Bianchi identity
yields the implications (G1) ⇒ (G2) ⇒ (G3). Also elementary is the fact
that a Ka¨hler structure satisfies relation (G1) (hence, all of the relations
(Gi)). Following [18], if AK is the class of almost Ka¨hler manifolds, let AKi
be the subclass of manifolds whose curvature satisfies identity (Gi). We
have the obvious inclusions
AK ⊇ AK3 ⊇ AK2 ⊇ AK1 ⊇ K,
where K denotes the class of Ka¨hler manifolds. In [16] it was observed that
the equality AK1 = K holds locally (this fact is an immediate consequence
of (10)).
From the examples of Davidov and Mus˘karov [13], multiplied by compact
Ka¨hler manifolds, it follows that the inclusionAK2 ⊃ K is strict in dimension
2n ≥ 6, even in the compact case. This is no longer true in dimension 4; it
was proved in [3] that the equality AK2 = K holds for compact 4-manifolds
(see also Corollary 3 in Section 5 for a partially different proof of this result).
Let us first observe that the conditions (Gi) fit in with the U(2)-decomposition
(3) of the curvature in the following manner:
Lemma 1. An almost Hermitian 4-manifold (M,g, J) satisfies the property
(G3) if and only if the Ricci tensor is J-invariant and W
+
2 = 0. It satisfies
(G2) if moreover W
+
3 = 0.
Proof: A consequence of (3), see [28]. Q.E.D.
Denote by D = {X ∈ T : ∇XΩ = 0} the Ka¨hler nullity of (g, J) and
by D⊥ its g-orthogonal complement. According to (7), D is J-invariant at
every point and has rank 4 or 2, depending on whether or not the Nijenhuis
tensor N vanishes at that point. As an easy consequence of (12), we have
the following useful observation:
Lemma 2. A non-Ka¨hler, almost Ka¨hler 4-manifold with J-invariant Ricci
tensor belongs to the class AK3 if and only if the Ka¨hler nullity D is a rank
2 involutive distribution on the open set of points where the Nijenhuis tensor
does not vanish.
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Proof: Let {B, JB} be any (local) orthonormal frame of D and let {A, JA}
be an orthonormal frame of D⊥, so that A and JA are the dual orthonormal
frame of {a, Ja}, see (7). Then the fundamental form can be written as
Ω = A ∧ JA+B ∧ JB. (17)
By (12) we see that D is involutive if and only if
R(φ)(B, JB) = 0, R(Jφ)(B, JB) = 0. (18)
On the other hand, as the Ricci tensor is J-invariant, it follows by (3)–(6)
and (17):
R(φ)(B, JB) = −
1
4
〈Ψ, φ〉; R(Jφ)(B, JB) = −
1
4
〈Ψ, Jφ〉,
i.e., according to (18), we obtain that D is involutive if and only if W+2 = 0
(see (5)). The claim now follows by Lemma 1. Q.E.D.
We shall further use the following refined version of the differential Bianchi
identity [4]:
Lemma 3. (Differential Bianchi identity) Let (M,g, J) be an almost
Ka¨hler 4-manifold in the class AK3. Then the following relations hold:
d(κ − s) = −12λJφ(a); (19)
Ric0(a) =
κ
4
a+ 2λφ(b) − Jφ(dλ); (20)
∆(κ− s) = −
κ
2
(κ− s)− 24λ2 + 12Ric0(a, a). (21)
Proof: The co-differential δW+ of the self-dual Weyl tensor of (M,g) is a
section of the rank 8 vector bundle V = Ker(trace : Λ1M ⊗ Λ+M → Λ1M),
where the trace is defined by trace(α⊗ φ) = φ(α) on decomposed elements.
For every almost-Hermitian 4-manifold the vector bundle V splits as V =
V+⊕V−, see [1], where V+ is identified with the cotangent bundle Λ1M by
Λ1M ∋ α 7→ A = Jα⊗ Ω−
1
2
4∑
i=1
ei ⊗ (α ∧ ei − Jα ∧ Jei), (22)
while V− is identified (as a real vector bundle) with Λ0,1M ⊗ Λ0,2M . For
any gauge φ the vector bundle V− can be again identified with Λ1M by
Λ1M ∋ β 7→ B = Jβ ⊗ φ+ β ⊗ Jφ. (23)
We denote by (δW+)+, resp. (δW+)−, the component of δW+ on V+,
resp. on V−, and, for any gauge φ satisfying the Convention of Section 2 we
consider the corresponding 1-forms α and β. By (22), (23) and (4)–(6) one
directly calculates:
α = −
1
2
J〈δW+,Ω〉 = −
dκ
12
− λJφ(a); (24)
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β =
1
2
(
− J〈δW+, φ〉+
1
2
φ〈δW+,Ω〉
)
(25)
= −
κ
8
a+ λφ(b)−
1
2
Jφ(dλ).
Recall that the Cotton-York tensor C of (M,g) is defined by:
CX,Y,Z =
1
2
[
∇Z(
s
12
g +Ric0)(Y,X) −∇Y (
s
12
g +Ric0)(Z,X)
]
,
for any vector fields X,Y,Z. Considering C as a 2-form with values in Λ1M ,
the second Bianchi identity reads as δW = C. In dimension 4 we have also
the “half” Bianchi identity
δW+ = C+, (26)
where C+ denotes the self-dual part of CX , X ∈ TM . When the Ricci tensor
is J-invariant, we make use of (26) to give an equivalent expression for the
1-forms α and β in terms of the Ricci tensor and the 1-form a. According
to (22) we get
α(X) = −
1
2
J〈C+,Ω〉 = −
1
4
4∑
i=1
∇ei(
s
12
g +Ric0)(Jei, JX) =
= −
1
4
[ds
12
(X)− (δRic0)(X) +
4∑
i=1
Ric0(ei, J(∇eiJ)(X))
]
=
= −
1
4
[ds
3
(X) +
4∑
i=1
Ric0(ei, J(∇eiJ)(X))
]
.
Using (7) and the fact that the Ricci tensor is J-invariant, we obtain
4∑
i=1
Ric0(ei, J(∇eiJ)(X)) = 0,
and then
α = −
ds
12
. (27)
Regarding the component of C+ in V−, we have by (23):
β =
1
2
(
− J〈C+, φ〉+
1
2
φ〈C+,Ω〉
)
.
To compute J〈C+, φ〉 we proceed in the same way as computing J〈C+,Ω〉;
instead of J we consider the almost complex structure Iφ whose Ka¨hler form
is φ. Observe that Ric0 is now Iφ-anti-invariant. By (7), (8) and (27) we
eventually get
β = −
1
2
Ric0(a). (28)
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Comparing (27) and (28) with (24) and (25) we obtain the equalities (19)
and (20). Finally, taking co-differential of both sides of (19) and using (20)
and (10) we derive
∆(κ− s) = −12Jφ(dλ, a) − 12λδ(Jφ(a))
= 12Ric0(a, a)−
κ
2
(κ− s) +
12λ
(
2φ(a, b) − 〈da, Jφ〉 + δ(Jφ)(a)
)
.
By (13) and (8) we calculate
12λ
(
2φ(a, b) − 〈da, Jφ〉 + δ(Jφ)(a)
)
= −24λ2,
and we reach the equality (21). Q.E.D.
We have the following consequence of Lemma 3 (see also [2, Prop.2] and [23,
Prop.4]):
Corollary 1. A 4-dimensional almost Ka¨hler structure (g, J,Ω) in the class
AK3 belongs to AK2 if and only if the norm of ∇Ω is constant. Moreover,
if (g, J,Ω) is an AK2, non-Ka¨hler structure, then the traceless Ricci tensor
Ric0 is given by
Ric0 =
κ
4
[−gD + gD
⊥
],
where gD (resp. gD
⊥
) denotes the restriction of g on D (resp. on D⊥).
Proof: According to (10), we have |∇Ω|2 = κ−s6 . We then get by Lemma 3
the equality d(|∇Ω|2) = −2λJφ(a), and the first part of the claim follows by
Lemma 1 and (6). Since W+3 ≡ 0 (i.e. λ ≡ 0 according to (6)), the second
relation stated in Lemma 3 reads as Ric0(a) =
κ
4a. As Ric0 is symmetric
traceless and J-invariant tensor, in the case when (g, J) is not Ka¨hler the
expression above implies the second part of the corollary. Q.E.D.
4. Examples of almost Ka¨hler 4-manifolds satisfying Gray
conditions
4.1. 3-symmetric spaces. In this subsection we briefly describe an already
known example of strictly almost Ka¨hler 4-manifold satisfying the condition
(G2). This example comes from works of Gray [17] and Kowalski [20] on
3-symmetric spaces and we refer to their papers for more details on the
subject.
A Riemannian 3-symmetric space is a manifold (M,g) such that for each
point p ∈ M there exists an isometry θp : M → M of order 3 (i.e. θ
3
p = 1),
with p as an isolated fixed point. Any such manifold has a naturally defined
(canonical) g-orthogonal almost complex structure J , and we further require
that each θp is a holomorphic map with respect to J . Moreover, the canonical
almost Hermitian structure (g, J) of a 3-symmetric space always satisfies the
second Gray condition and, in dimension 4, is automatically almost Ka¨hler
(it is Ka¨hler if and only if the manifold is Hermitian symmetric, see [17]). It
only remains the question of whether there exists a 4-dimensional example
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of a 3-symmetric space with a non-integrable almost complex structure (we
shall call this a proper 3-symmetric space). This is solved by Kowalski, who
constructs such an example and, moreover, shows that this is the only proper
3-symmetric space in dimension 4 (in fact, this is the only proper generalized
symmetric space in dimension 4, [20, Theorem VI.3]). Explicitly, up to a
homothety, Kowalski’s example is defined on R4 = {(u1, v2, u2, v2)} with the
metric
g =
(
− u1 +
√
u21 + v
2
1 + 1
)
du22 +
(
u1 +
√
u21 + v
2
1 + 1
)
dv22 (29)
−2v1du2 ⊙ dv2
+
1
(u21 + v
2
1 + 1)
[
(1 + v21)du
2
1 + (1 + u
2
1)dv
2
1 − 2u1v1 du1 ⊙ dv1
]
,
where as usually ⊙ stands for symmetric tensor products.
4.2. Generalized Gibbons-Hawking Ansatz. We now present a differ-
ent and more general approach of obtaining examples of almost Ka¨hler 4-
manifolds satisfying Gray conditions (G3) and (G2), which is based on the
idea of generalizing Tod’s construction of Ricci-flat strictly almost Ka¨hler
4-manifolds [6, 26]. For this purpose, we consider instead of the Gibbons-
Hawking ansatz, its generalized version, introduced by LeBrun [21] to con-
struct scalar-flat Ka¨hler surfaces. Following [21], let w > 0 and u be smooth
real-valued functions on an open, simply-connected set V ⊂ R3 = {(x, y, z)},
which satisfy
wxx + wyy + (we
u)zz = 0. (30)
Let M = R× V and ω be a 1-form on M non-vanishing when restricted to
the R-factor and determined (up to gauge equivalence) by
dω = wxdy ∧ dz + wydz ∧ dx+ (we
u)zdx ∧ dy. (31)
It is shown in [21] that the metric
g = euw(dx2 + dy2) + wdz2 + w−1ω2 (32)
admits a Ka¨hler structure I, defined by its fundamental form
ΩI = dz ∧ ω + e
uwdx ∧ dy. (33)
Moreover, if we denote by ∂
∂t
the dual vector field of w−1ω with respect
to g, then ∂
∂t
is Killing and preserves I. Conversely, every Ka¨hler metric
admitting a hamiltonian Killing field locally arises by this construction [21].
Besides the Ka¨hler structure I, we shall consider the almost Hermitian struc-
ture J whose fundamental form is
ΩJ = −dz ∧ ω + e
uwdx ∧ dy. (34)
Clearly, the almost complex structures I and J commute and yield different
orientations on M . Our objective is the following generalization of [26]:
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Proposition 1. Let w > 0 and u be smooth functions satisfying (30). Then
the almost Hermitian structure (g, J) defined via (32) and (34) is almost
Ka¨hler if and only if u and w satisfy
(euw)z = 0. (35)
It is Ka¨hler if moreover w does not depend on x and y.
Furthermore, the following are true:
(i) The almost Hermitian manifold (M,g, J) is non-Ka¨hler and belongs to
AK3 if and only if w is a non-constant, positive harmonic function of
x and y, and u(x, y) is any function defined on U = V ∩ R2.
(ii) The manifold (M,g, J) belongs to AK2 if and only if, in addition, w
has no critical values on U and u is given by
u = ln(w2x + w
2
y)− 3 lnw + const. (36)
Remark 1. (a) If w is a non-constant harmonic function of (x, y), then
the holomorphic function h of x + iy such that Re(h) = w can be used
as a holomorphic coordinate in place of x + iy. Up to a change of the
smooth function u and the transversal coordinate t, the metrics described
in Proposition 1(i) are then all isometric to
g = eux(dx2 + dy2) + xdz2 +
1
x
(dt+ ydz)2, (37)
and therefore is defined on M = {(x, y, z, t) ∈ R4, x > 0} for any smooth
function u of (x, y). It is easily checked [21] that the Ricci tensor of the
metrics (37) has two vanishing eigenvalues while the scalar curvature s is
given by s =
uxx+uyy
4xeu . It thus follows that the Ricci-flat Tod’s examples are
obtained precisely when u is a harmonic function.
(b) Concerning the metrics given in Proposition 1(ii), by (36) we obtain
eu = const. 1
x3
, so that (up to homothety of (z, t)) all these metrics are
homothetic to
g =
dx2
x2
+
1
x2
σ21 + xσ
2
2 +
1
x
σ23 , (38)
where σ1 = dy ;σ2 = dz ;σ3 = dt + ydz are the standard generators of the
Lie algebra of the three dimensional Heisenberg group Nil3. It turns out
that (38) defines a complete metric, in fact, a homogeneous one which is
nothing else than the (unique) proper 3-symmetric metric (29) mentioned
in Sec. 4.1. To see this directly, one should do the change of variables
u1 =
x2 + y2 − 1
2x
, v1 = −
y
x
, u2 = t, v2 = z, (39)
and after a straightforward calculation it can be seen that the metric of
Kowalski defined by (29) reduces exactly to (38). In fact, we were motivated
to look for and were able to find this change of variables only after we realized
that one must have the uniqueness stated in Theorem 1 (see also Remark
4).
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(c) One can easily write down the whole Riemannian curvature of the
metric (38): it turns out that it is completely determined by the (constant)
scalar curvature s =
uxx+uyy
4xeu = −
3
4 . Indeed, it is easily checked that the
conformal scalar curvature (which determines W+) is equal to 34 , the Ricci
tensor has constant eigenvalues (0, 0,−38 ,−
3
8), and as g is Ka¨hler with re-
spect to I (see (33)), the anti-self-dual Weyl tensor is also determined by s,
see e.g. [14]. The metric (38) with its negative Ka¨hler structure I provide
therefore a non-symmetric, homogeneous Ka¨hler surface which corresponds
to the F4-geometry of [29]; it is thus a complete irreducible Ka¨hler metric
with two distinct constant eigenvalues of the Ricci tensor. From this point
of view, the metric (38) has been independently discovered by R. Bryant
in [11]. Remark that many others (non-homogeneous in general) Ka¨hler
metrics of constant eigenvalues of the Ricci tensor arise from (37), provided
that u is a smooth solution to the elliptic equation
uxx + uyy = 4sxe
u,
where s is a non-zero constant, the scalar curvature of the metric.
Proof of Proposition 1: By (34) and (31) one readily sees that ΩJ is closed
if and only if (35) holds. In order to determine the Ka¨hler nullity D we
consider the J-anti-invariant 2-forms
φ = e
u
2 (wdz ∧ dx+ ω ∧ dy),
Jφ = e
u
2 (wdz ∧ dy − ω ∧ dx).
They are both of square-norm 2 and we then have
dφ = τφ ∧ φ; d(Jφ) = τJφ ∧ Jφ,
where, according to (8), the 1-forms τφ, τJφ are given by
τφ = −Jb− Jφ(a); τJφ = −Jb+ Jφ(a). (40)
On the other hand, computing dφ and d(Jφ) directly by making use of (31)
we get
τφ =
du
2
+ 2(lnw)ydy; τJφ =
du
2
+ 2(lnw)xdx.
We conclude by (40) that Jφ(a) = (lnw)xdx− (lnw)ydy. But we know from
(7) that Jφ(a) belongs to D; the latter implies the following relations:
(a) (g, J) is Ka¨hler if and only if w does not depend on x and y;
(b) if (g, J) is not Ka¨hler, then D = span{ ∂
∂x
, ∂
∂y
};
(c) |∇(ΩJ)|
2
g =
w2x+w
2
y
4euw3 .
The Ricci form of the Ka¨hler structure (g, I) is given by 12dd
c
Iu (see [21]).
Here, and in the rest of the paper, the operator dcI denotes the composition
I ◦ d, where d is the usual differential. Clearly, the Ricci tensor of g is J
invariant if and only if ddcIu is a (1, 1)-form with respect to J . One easily
checks that the latter is equivalent to(uz
w
)
x
=
(uz
w
)
y
= 0.
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Thus uz = fw for some function f of z. By (35) we get moreover w =
1
F+h ,
where F is a primitive of f , i.e., d
dz
F = f , and h is a function of x and y.
According to the relation (a), we know that h is constant if and only if (g, J)
is Ka¨hler. Substituting into (30) we obtain that if h is not constant, then
F is constant, or equivalently, wz = 0, uz = 0. Thus, if (g, J) is not Ka¨hler,
then u and w are functions of x and y and the equation (30) simply means
that w is a harmonic function of x and y. The Ricci tensor is then given by
Ric = (uxx + uyy)[dx
2 + dy2].
Therefore, according to Corollary 1, the implication in (b) gives (g, J) ∈
AK3, while according to Lemma 3, the equality stated in (c) shows that
(g, J) ∈ AK2 if and only if e
u = const.
w2x+w
2
y
w3
. Q.E.D.
Corollary 2. The inclusions K ⊂ AK2 ⊂ AK3 are strict in any dimension
2n, n ≥ 2.
Proof: Multiplying the examples obtained via Proposition 1 by Riemann
surfaces one provides appropriate examples in any dimension. Q.E.D.
5. Classification results
The proof of Theorem 1 stated in the introduction will be a consequence
of a slightly more general classification that we shall prove in Theorem 2
(see below). The key idea of the proof is to investigate the properties of the
negative almost complex structure that we define as follows:
Definition. Let (M,g, J) be a strictly almost-Ka¨hler 4-manifold. On the
open set of points where the Nijenhuis tensor of (g, J) does not vanish, let
I be the almost complex structure defined to be equal to J on D and to −J
on D⊥.
Clearly, the almost complex structure I is g-orthogonal and yields on the
manifold the opposite orientation than the one given by J . We show that
curvature symmetry properties of the almost Ka¨hler structure (g, J,Ω) have
a strong effect on the negative almost Hermitian structure (g, I, Ω¯), where
Ω¯ denotes the fundamental form of (g, I).
Let us assume that (M,g, J,Ω) is a 4-dimensional, strictly almost Ka¨hler
manifold of the class AK3. We use the same notations as in the previous
sections, in particular for the 1-forms a and b defined by (7) and (8) under
the same convention for the choice of the gauge φ. Our first goal is to show
that the negative almost Hermitian structure (g, I, Ω¯) is almost Ka¨hler, and
then to determine the 1-forms a¯, b¯ corresponding to the negative gauge
φ¯ = φ+
12
(κ− s)
Ja ∧ Jφ(a), (41)
see (10). This is summarized in the following
Lemma 4. Let (M,g, J,Ω) be a strictly almost Ka¨hler 4-manifold in the
class AK3 and let I be the negative, orthogonal, almost complex structure
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defined as above. Then (g, I, Ω¯) is an almost Ka¨hler structure compatible
with the reversed orientation of M . Moreover, D⊥ belongs to the Ka¨hler
nullity of (g, I) and, with the choice of the negative gauge as above,
b¯ = 3b+
12λ
(κ− s)
φ(a). (42)
Proof: Defining the 1-forms mi, ni, i = 1, 2, by
∇a = m1 ⊗ a+ n1 ⊗ Ja+m2 ⊗ φ(a) + n2 ⊗ Jφ(a), (43)
we use (7) and (8) to derive the next three equalities:
∇(Ja) = −n1 ⊗ a+m1 ⊗ Ja+ (a− n2)⊗ φ(a)
+(m2 − Ja)⊗ Jφ(a);
∇(φ(a)) = −m2 ⊗ a+ (n2 − a)⊗ Ja+m1 ⊗ φ(a) (44)
+(b− n1)⊗ Jφ(a);
∇(Jφ(a)) = −n2 ⊗ a+ (Ja−m2)⊗ Ja+ (n1 − b)⊗ φ(a)
+m1 ⊗ Jφ(a).
From (43), (10) and Lemma 3-(19) we obtain
m1 =
1
|a|2
g(∇a, a) =
1
2
d(ln (κ− s))
= −
6λ
(κ− s)
Jφ(a). (45)
We further use the Ricci relations (12) in order to determine the 1-forms
n1,m2, and n2. For that we replace the left-hand sides of the two equalities
(12) respectively by
da = m1 ∧ a+ n1 ∧ Ja+m2 ∧ φ(a) + n2 ∧ Jφ(a),
d(Ja) = −n1 ∧ a+m1 ∧ Ja+ (a− n2) ∧ φ(a) + (m2 − Ja) ∧ Jφ(a),
(see (44)), and also take into account that under the AK3 assumption we
have
R(φ) = (
s− κ
12
+ λ)φ; R(Jφ) = (
s− κ
12
− λ)Jφ,
see Lemma 1 and (3)–(6). After comparing the components of both sides,
we obtain
n1 = −b−
6λ
(κ− s)
φ(a); m2 =
1
2
Ja+ Jm0; n2 =
1
2
a+m0, (46)
where m0 is a 1-form which belongs to D.
With relations (43)–(46) in hand, we can now compute ∇Ω¯, starting from
Ω¯ = Ω− 12(κ−s)a ∧ Ja (see (10)), and also using (7). We get:
∇Ω¯ = 2m0 ⊗ φ¯− 2Im0 ⊗ Iφ¯. (47)
This proves that (g, I, Ω¯) is an almost Ka¨hler structure, since dΩ¯ = 0 is
immediate from (47). The claim about the Ka¨hler nullity of (g, I) follows
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from a¯ = 2m0 ∈ D. Similarly, starting from (41) and using (8), (43)–(46)
we obtain
∇φ¯ = (3b +
12λ
(κ− s)
φ(a)) ⊗ Iφ¯− 2m0 ⊗ Ω¯, (48)
and the relation (42) follows. Q.E.D.
As our statements are purely local, for brevity purposes, we now introduce
the following
Definition. Let (M,g, J) be a strictly almost Ka¨hler 4-manifold in the
class AK3, and suppose that the Nijenhuis tensor of (g, J) does not vanish
anywhere. We say that (M,g, J) is a doubly AK3 manifold, if the almost
Ka¨hler structure (g, I) defined above belongs to the class AK3 as well.
Remark 2. Every non-Ka¨hler 4-manifold in the class AK3, which is Ein-
stein, or belongs to class AK2 is a doubly AK3 manifold. Indeed, this is
an immediate consequence of Lemma 2 and Corollary 1. Note also that
all the examples arising from Proposition 1 are doubly AK3 manifolds —
the negative almost Ka¨hler structure (g, I) is in fact Ka¨hler for all these
examples.
To anticipate, the end result of this section, slightly more general than
Theorem 1, will be that every non-Ka¨hler, doubly AK3 4-manifold is neces-
sarily given by Proposition 1. Getting closer to this goal, we now prove
Proposition 2. Let (M,g, J) be a non-Ka¨hler, doubly AK3 4-manifold.
Then the negative almost Ka¨hler structure (g, I) is Ka¨hler. Moreover, the
Ricci tensor is given by
Ric =
s
2
gD,
where gD denotes the restriction of the metric to the Ka¨hler nullity D of
(g, J).
Proof of Proposition 2: For the beginning, we assume only that (M,g, J)
is a strictly almost Ka¨hler manifold of the class AK3. We use the Bianchi
identity (19), together with (20) rewritten as
dλ = 2λJb−
κ
4
Jφ(a) + Jφ(Ric0(a)), (49)
and the relation (see (44)–(46))
d(Jφ(a)) = −2b ∧ φ(a)−m0 ∧ a− Jm0 ∧ Ja. (50)
Differentiating (19), we get by (49) and (50):
0 = 2λ(b ∧ φ(a) − Jb ∧ Jφ(a)) + λ(m0 ∧ a+ Jm0 ∧ Ja) (51)
−Jφ(Ric0(a)) ∧ Jφ(a).
Taking various components, the relation (51) can be seen to be equivalent
to:
λm0 = 2λφ(b
D⊥) =
1
2
(Ric0(a))
D, (52)
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where the super-scripts D and D⊥ denote the projections on those spaces.
Now we shall consider separately the following two cases:
Case 1. (M,g, J) is a doubly AK3 manifold which does not belong to AK2.
Then by Corollary 1 we have λ 6= 0. Since, by assumption, the Ricci tensor
is both J and I invariant, it follows that D and D⊥ are eigenspaces for the
traceless Ricci tensor Ric0. In other words, we have
Ric0 =
f
4
[−gD + gD
⊥
], (53)
where f is a smooth function. This implies that (Ric0(a))
D = 0. Since
λ 6= 0, from (52) it follows that m0 = 0, i.e., (g, I) is Ka¨hler, see (47). Also,
from (52) it follows that b ∈ D. Under the doubly AK3 assumption, the
Ricci relation (16) takes the form
db = a ∧ Ja−
(s + 2κ)
12
Ω +
f
4
Ω¯,
or further (see (10))
db = −
(s+ f)
4
A ∧ JA+
(3f − s− 2κ)
12
B ∧ JB, (54)
where {B, JB} is an orthonormal basis for D and {A, JA} is an orthonormal
basis for D⊥. Similarly, the Ricci relation (16), written with respect to the
Ka¨hler structure (g, I), reads as
db¯ =
(f + s)
4
A ∧ JA+
(f − s)
4
B ∧ JB. (55)
On the other hand, using Lemma 3-(19), the equality (42) can be rewritten
as
b¯ = 3b+ dcJ ln(κ− s),
where, we recall, dcJ = J ◦ d. After differentiating we obtain the gauge
independent equality
db¯ = 3db+ ddcJ (ln(κ− s)). (56)
For computing ddcJ (ln(κ − s)), we remark first that by Lemma 3-(19) the
vector field dual to dcJ (ln(κ − s)) belongs to the kernel D of the Nijenhuis
tensor of J , so that ddcJ (ln(κ−s)) is a (1,1)-form with respect to J . Further-
more, from Lemma 3-(19) it also follows that dcJ ln(κ − s) = d
c
I(ln(κ − s)),
and then
ddcJ (ln(κ− s)) = dd
c
I(ln(κ− s)), (57)
where dcI = I ◦ d stands for the d
c operator with respect to I. Since I is
integrable, the latter equality shows that the 2-form ddcJ (ln(κ − s)) it is of
type (1,1) with respect to I as well. Finally, keeping in mind that I is Ka¨hler
RIGIDITY OF ALMOST KA¨HLER 4-MANIFOLDS 19
and J is almost Ka¨hler , from (57), (21) and (19) we compute
〈ddcJ (ln(κ− s)), Ω¯〉 = 〈dd
c
J (ln(κ− s)),Ω〉
= −∆ ln(κ− s)
= −
∆(κ− s)
(κ− s)
+
|d(κ − s)|2
(κ− s)2
=
κ− f
2
.
Since ddcJ (ln(κ− s)) is a (1,1)-form with respect to both J and I, the latter
equality shows that
ddcJ(ln(κ− s)) =
(κ− f)
2
B ∧ JB. (58)
By (54), (55) and (58), the equality (56) finally reduces to f + s = 0 which,
together with (53), imply the claimed expression of the Ricci tensor.
Case 2. (M,g, J) is non-Ka¨hler manifold in the class AK2. Now λ = 0 by
Lemma 1, so the equality (52) is not useful anymore, as all terms vanish
trivially. However, applying Case 1 to the structure (g, I), we conclude that
it must be itself in the class AK2, since otherwise it would follow that (g, J)
is Ka¨hler, a contradiction. With the same choices of the gauge as in Lemma
4, we have in this case b¯ = 3b. This leads to the gauge independent relation
db¯ = 3db. Assuming that (g, I) is not Ka¨hler, we interchange the roles of
J and I to also get db = 3db¯, i.e., db = 0 holds. But this leads to a
contradiction. Indeed, according to Corollary 1 we have f = κ, so from the
Ricci relation (54) we get κ− s = 0, i.e., (g, J) is Ka¨hler which contradicts
the assumption. Thus (g, I) must be Ka¨hler and (55) holds. It is easily
checked that db¯ = 3db is, in this case, equivalent to κ + s = 0. This and
Corollary 1 imply the desired form of the Ricci tensor. Q.E.D.
Proposition 3. Let (M,g, J) be a non-Ka¨hler, doubly AK3 4-manifold.
Then D⊥ is spanned by commuting Killing vector fields.
Proof of Proposition 3: For any smooth functions p and q we consider the
vector field Xp,q in D
⊥, the dual to the 1-form pa+ qJa. The condition that
Xp,q is Killing is equivalent to ∇(pa+qJa) being a section of Λ
2M . To write
explicitly the equation on p and q that arise from the latter condition we need
the covariant derivative of a and Ja. But we know already by Proposition 2
that (g, I) is Ka¨hler, i.e., the 1-form m0 defined in (46) vanishes (see (47)).
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We thus have by (43)–(46)
∇a = −
6λ
(κ− s)
Jφ(a)⊗ a−
6λ
(κ− s)
φ(a)⊗ Ja (59)
−b⊗ Ja+
1
2
Ja⊗ φ(a) +
1
2
a⊗ Jφ(a);
∇(Ja) =
6λ
(κ− s)
φ(a)⊗ a−
6λ
(κ− s)
Jφ(a)⊗ Ja (60)
+b⊗ a+
1
2
a⊗ φ(a) +
1
2
Ja⊗ Jφ(a).
Using (59) and (60) the condition that ∇(pa+ qJa) belongs to Λ2M can be
rewritten as
dp = −qb− p2 (1−
12λ
(κ−s))Jφ(a)−
q
2(1 +
12λ
(κ−s))φ(a) + rJa;
dq = pb− p2 (1−
12λ
(κ−s))φ(a) +
q
2 (1 +
12λ
(κ−s))Jφ(a)− ra,
}
(61)
where r is a smooth function. Since we are looking for commuting Killing
fields, we have r ≡ 0, and we thus obtain a Frobenius type system. To show
that (61) has solution in a neighborhood of a point x ∈ M for any given
values (p(x), q(x)), we apply the Frobenius theorem. Accordingly, we have
to check
d
(
2qb+ p(1−
12λ
(κ− s)
)Jφ(a) + q(1 +
12λ
(κ− s)
)φ(a)
)
= 0; (62)
d
(
− 2pb+ p(1−
12λ
(κ− s)
)φ(a) − q(1 +
12λ
(κ− s)
)Jφ(a)
)
= 0. (63)
For that we further specify the relations (44) and (54), taking into account
that m0 = 0 and f = −s (see Proposition 2). We thus get:
d(Jφ(a)) = −2Jb ∧ Jφ(a),
d(φ(a)) = 2b ∧ Jφ(a) + 2λB ∧ JB,
db = −
(2s+ κ)
6
B ∧ JB,
where B = 1|a|φ(a) and JB =
1
|a|Jφ(a) is an orthonormal frame of D. By
Lemma 3 and (58) we also have
d ln(κ− s) = −
12λ
(κ− s)
Jφ(a); dcJ ln(κ− s) =
12λ
(κ− s)
φ(a),
ddcJ (ln(κ− s)) =
(κ+ s)
2
B ∧ JB.
Using the above equalities, together with (61) and (10), it is now straight-
forward to check (62) and (63). Q.E.D.
Remark 3. The miraculous cancellation that appears by checking the
equalities (62) and (63) can be explained by simply observing that if the
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cancellation hadn’t occurred we would then derive an integrability condi-
tion depending on λ and κ − s. But these take arbitrary values for the
examples provided by Proposition 1. We thus conclude that the integrabil-
ity conditions (62) and (63) must be satisfied.
Theorem 2. Any 4-dimensional non-Ka¨hler, doubly AK3 metric is locally
isometric to one of the metrics described by Proposition 1(i) (or equivalently,
by (37)).
Proof of Theorem 2: Let (M,g, J) be a non-Ka¨hler, doubly AK3 4-manifold.
By Proposition 2, there exists a Ka¨hler structure I, which yields the opposite
orientation of M . Moreover, we know by Proposition 3 that in a neighbor-
hood of any point there exists a Killing vector field X ∈ D⊥, determined by
a solution of the system (61). It is not difficult to check that X preserves I.
Indeed, we have to verify
LXΩ¯ = d(I(pa+ qJa)) = d(qa− pJa) = 0.
The latter equality is a consequence of (61) and the Ricci identities (12) (If
the manifold is not Ricci flat, the invariance of I also follows from the fact
that I is determined up to sign by the two eigenspaces of Ric). According
to [21], the metric g has the form (32), where the functions w and u satisfy
(30) and X = ∂
∂t
. From Proposition 2 we also know that Ric(X) = 0. But
the Ricci form of the Ka¨hler structure (g, I) is given by 12dd
c
Iu (see [21]); we
thus obtain w = const.uz and then
Ric = (uxx + uyy + (e
u)zz)[dx
2 + dy2].
The above equality shows that either g is Ricci flat (then g is given by Tod’s
ansatz, see [6]), or else, according to Proposition 2, the Ka¨hler nullity D
of (g, J) is spanned by the (Riemannian) dual fields dx and dy. The latter
means that the Ka¨hler form Ω of (g, J) is given by (34), and the result
follows by Proposition 1 and Remark 1. Q.E.D.
Theorem 1 is now just a particular case.
Proof of Theorem 1. By Remark 2 we know that every strictly almost-
Ka¨hler 4-manifold (M,g, J,Ω) satisfying (G2) is doubly AK3; it follows by
Theorem 2 and Proposition 1 that (M,g, J,Ω) arises from Proposition 1(ii).
According to Remark 1(b) the metric g is locally isometric to (38) which, in
turn, is isometric to Kowalski’s metric, doing the change of variables (39).
Q.E.D.
Remark 4. Avoiding the use of the change of variables (39), one could
have completed the proof of Theorem 1 as follows: as above one shows
that any strictly almost-Ka¨hler 4-manifold (M,g, J,Ω) satisfying (G2) is
locally isometric to (38). On the other hand, A.Gray [17] showed that any
Riemannian 3-symmetric space has a canonical almost-Hermitian structure,
which in 4-dimensions, is necessarily almost-Ka¨hler (Ka¨hler iff the manifold
is symmetric) and satisfies the condition (G2). It thus follows that the
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proper 3-symmetric metric of Kowalski [20] is isometric to (38) as well.
In particular, this provides a differential geometric proof of existence and
uniqueness of proper 3-symmetric 4-dimensional manifolds, result proved by
Kowalski using Lie algebra techniques [20].
Corollary 3. ([3]) Every compact almost Ka¨hler 4-manifold satisfying the
second curvature condition of Gray is Ka¨hler.
Proof of Corollary 3: Suppose for contradiction that (M,g, J) is a com-
pact, non-Ka¨hler, almost Ka¨hler 4-manifold in the class AK2.
According to Corollary 1, the distributions D and D⊥ are globally defined
on M , and by Proposition 2 they give rise to a negative Ka¨hler structure
(g, I). We know by Theorem 1 that (g, J, I) locally arise from Proposition
1. Then the whole curvature of g is completely determined by the (negative
constant) scalar curvature s, cf. Remark 1. More precisely, the conformal
curvature κ is given by κ = −s (Corollary 1 and Proposition 2). Since
(g, I) is Ka¨hler, we also have |W−|2 = s
2
24 , see e.g. [14]. As (g, J) is in the
class AK2, the self-dual Weyl tensor satisfies W
+
2 = 0, W
+
3 = 0 and then
|W+|2 = κ
2
24 (see (4)); by κ = −s we conclude |W
+|2 = |W−|2 = s
2
24 . We
then get by the Chern-Weil formula
σ(M) =
1
12pi2
∫
M
|W+|2 − |W−|2dVg
that the signature σ(M) vanishes. Similarly, the Euler characteristic e(M)
is given by
e(M) =
1
8pi2
∫
M
|W+|2 + |W−|2 +
s2
24
−
1
2
|Ric0|
2dVg.
But we know that the Ricci tensor of g has eigenvalues (0, 0, s2 ,
s
2) (Propo-
sition 2) and then |Ric0|
2 = s
2
4 ; we thus readily see that e(M) = 0. Fur-
thermore, since (M¯ , g, I) is a Ka¨hler surface of (constant) negative scalar
curvature, we have H0(M¯,K⊗−m) = 0, where K denotes the canonical
bundle of (M¯, I). The conditions σ(M¯ ) = −σ(M) = 0, e(M¯ ) = e(M) = 0
then imply that the Kodaira dimension of (M¯, I) is necessarily equal to 1,
cf. e.g. [8]. Thus (M¯ , I) is a minimal properly elliptic surface with van-
ishing Euler characteristic. Using an argument from [3], we conclude that,
up to a finite cover, (M¯, I) admits a non-vanishing holomorphic vector field
X. Now the well known Bochner formula for holomorphic fields and the
fact that the Ricci tensor of (M¯, g, I) is semi-negative whose kernel is the
distribution D⊥ (Proposition 2) imply that X is parallel and belongs to D⊥.
Then D⊥ (hence also D) is parallel. Since (g, I) is a Ka¨hler structure, I is
parallel, and consequently, the almost complex structure J must be parallel
as well, i.e., (g, J) is Ka¨hler, which contradicts our assumption. Q.E.D.
Remark 5. For obtaining a contradiction in the proof of Corollary 3 one
can alternatively argue as follows: We know by Theorem 1 that (g, J, I)
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locally arise from Proposition 1. The metric g is therefore locally homoge-
neous and the complex structure I is invariant as being determined by the
eigenspaces of the Ricci tensor. It thus follows that (M,g, I) is a compact
locally homogeneous Ka¨hler surface; it is well known that any such surface
is locally (Hermitian) symmetric (cf. e.g. [29]), while the metric g given by
Proposition 1(ii) is not.
Remark 6. Using the method of “nuts and bolts” [15], C.LeBrun [22]
successfully “compactified” certain Ka¨hler metrics arising from (32) and
obtained explicit examples of compact scalar-flat Ka¨hler surfaces admitting
a circle action. The idea is the following: Starting from an open (incomplete)
manifoldM0 where the metric g has the form (32), one adds points and (real)
surfaces in order to obtain a larger, complete manifold M , such that M0 is
a dense open subset of M , and the circle action on M0 generated by the
Killing vector field X = ∂
∂t
extends to M ; the added points and surfaces
become the fixed point of this action.
It is thus natural to wonder if similar “compactification” exists for the
metrics given by Proposition 1, providing compact examples of non-Ka¨hler,
almost Ka¨hler 4-manifolds in the class AK3. (The interest in such compact
examples is motivated by some variational problems on compact symplectic
manifolds [9, 10]). Corollary 3 shows that this is impossible if we insist that
(36) is satisfied. Unfortunately, even in the case when (36) does not hold,
the variable reduction we have for the functions u and w does not permit us
to obtain compact examples directly following LeBrun’s approach. Indeed,
if (M,g, J) was a compactification of (M0, J, g) with extended circle action
generated by a Killing vector field X = ∂
∂t
, then by Propositions 2 and 3,
we would have Ric(X,X) = 0 on M0, hence also, on M as M0 is a dense
subset; by the Bochner formula X would then be parallel. In particular, the
g-norm of X would be constant, hence also, the smooth function w = 1
g(X,X) .
Therefore, (g, J) would be Ka¨hler by Proposition 1, a contradiction.
As a final note, it is tempting to conjecture that the local classification ob-
tained in Theorem 2 could be further extended to the general case of strictly
AK3 4-manifolds (in other words, we believe that the doubly AK3 assump-
tion in the Theorem 2 could be removed). For this goal a further analysis
of the higher jets of J would be needed, with computations becoming more
involved, but it is possible that some nice cancellations might still take place.
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